In this paper, we investigate the positive solution of nonlinear degenerate equation
Introduction
In this paper, we consider the positive solution of the following degenerate problem with nonlocal source:
where Ω is a bounded domain in R N , N 1, with smooth boundary ∂Ω and a(x) is a continuous bounded positive function. Such a problem can describe a variety of physical phenomena, which arise, for example, in the study of the flow of a fluid through a homogeneous isotropic rigid porous medium or in studies of population dynamics (see [1] [2] [3] [6] [7] [8] and references therein).
As for local problems, a lot of effort has been devoted in the past few years to the study of the following type
(see [4, 10] ). It is proved that the solution of (2) is completely determined by the first eigenvalue of − in Ω with homogeneous Dirichlet boundary condition. Moreover, the corresponding systems have also been investigated and the analogous results have been obtained (see [3, 9] ). Furthermore, for the nonlocal problems, the global existence and the blowing-up behavior of the solution have been investigated by many researchers too, but the cases become more complicated. For example, in [2] , Deng et al. studied the degenerate parabolic equation
with a homogeneous Dirichlet boundary condition, where a > 0 is a positive constant. It is proved that there exists no global positive solution if and only if ∞ 1/(sf (s)) ds < +∞ and
is the unique positive solution of the linear elliptic problem
with Dirichlet boundary condition, where p > 1, q 1, a > 0. It is found that in this case, initial value, first eigenvalue and corresponding eigenfunction all play crucial roles. However, we find firstly, up to now there does not seem to be many such studies for degenerate parabolic equation when the coefficient before the nonlocal source is not a positive constant. Nevertheless, in a sense, it can describe some phenomena more precisely. Secondly, the blow-up rate estimate all have not been studied in [2] [3] [4] 9, 10] . It is difficult to do it because the unknown function u has the same powers between the reaction term and the diffusion one. So, in this paper, we will study problem (1) with a(x) a positive function which depends on x. We find the upperand lower-solution technique used in [2] to prove global existence cannot be used in this paper. Here we not only get the blow-up criteria but prove that under some conditions, the solutions have global blow-up. As for the special case, f (u) = u p , 0 < p 1, we use a new method to estimate the blow-up rate, where we have not added any conditions on the initial value. To the authors knowledge, these results have not been found in any other literatures.
Throughout this paper, we give the following hypotheses:
We denote by ϕ(x) the unique positive solution of the linear elliptic problem
Our main results read as follows. 
Remark 1.
We should mention that the important case μ 1 and ∞ 0 1/f (s) ds < ∞ is not included in the result whereas it was included in the constant case [2] . We are intend to study it in our future work.
Theorem 4. Assume that μ > 1, and f (u)
= u p , 0 < p < 1. Then there exist positive con- stants c 1 , C 1 such that c 1 (T * − t) −1/p max x∈Ω u(x, t) C 1 (T * − t) −1/p .
Theorem 5.
Assume that μ > 1, and f (u) = u. Then there exist positive constants c 2 , C 2 , and r > 1 such that
Locally existence and uniqueness of the solution
Firstly, we will obtain the local existence of the initial-boundary value problem (1). For convenience, we set Before studying our problem, we give a comparison lemma, of which the proof is standard (see [2, Lemma 2.1]).
Lemma 1. Suppose that w(x, t) ∈ C 2,1 (Q T ) ∩ C(Q T ) and satisfies
where c i (x, t) (i = 1, 2, 3) are bounded functions and
Since u vanishes on boundary, we know that (1) is not strictly parabolic. The standard parabolic theory cannot be used directly to give the local existence of the solution. To this end, we consider the regularized problem
where 0 < ε < 1. The existence of the solution of problem (7) can be proved by applying the Schauder fixed point theorem. Hence (7) has a unique solution u ε 0 on Ω × [0, T ε ), where T ε is the maximal existing time of
Then we can use the same methods as in [2] to prove that T * = lim ε→0 + T ε exists and as well the point-wise limit
exists for all (x, t) ∈ Q T * . By standard arguments, we have the following.
Theorem 6. The function defined by (8) is a positive solution of (1). Moreover, if T
* < ∞, then lim sup t→T * max x∈Ω u(x, t) = ∞.
The blow-up criteria
In this section, we assume u(x, t) is a positive solution of (1) on Ω × [0, T * ), where T * is the maximal existence time.
Denote by λ 1 > 0 and φ(x) the first eigenvalue and the corresponding eigenfunction of the following eigenvalue problem:
Lemma 2. Let m(x, t) = ke −ρt φ(x), where k is small enough such that kφ(x) u 0 (x) and
Proof. Set w(x, t) = u(x, t) − m(x, t)
, by simple computation we know
Since w(x, t) = 0 on ∂Ω × (0, T * ) and w(x, 0) 0 on Ω, using Lemma 1, we complete the proof. 2
Denote by ϕ 1 (x) the unique positive solution of the linear elliptic problem
Here Ω 1 Ω. It is obvious that ϕ 1 (x) depends on Ω 1 continuously. By the comparison principle for an elliptic equation, we have ϕ 1 < ϕ on Ω 1 . Let
Proof of Theorem 1. From Lemma 2 and μ > 1, it follows that there exist Ω 1 Ω and c 0 > 0, such that
Let
We see that Φ is strictly decreasing and convex on (c 0 , ∞). Hence, the inverse function Φ −1 exists and is also strictly decreasing with
Let θ(x) = ϕ 1 (x)/μ 1 , and define y : [0, T * ) → R by
Taking the derivative of y(t) with respect to t, since μ 1 = Ω 1 a(x)ϕ 1 dx > 1, we obtain
where M = max x∈Ω 1 {θ(x)}. By the convexity of Φ and Jensen's inequality, we have
which implies, as Φ −1 decreases,
which inserted into (14) gives
Performing the transformation
we get, from (12) and the smoothness of y, that H ∈ C([0, T * )) ∩ C 1 ((0, T * )) and
Denote by b
(15)-(17) turns into

H (t) bf H (t) H (t), t ∈ (0, T * ).
Furthermore,
Thus, integrating (18) from 0 to T * , we have
That is,
which means u(x, t) can exist no later than T s , and the proof is completed. 2
In order to prove Theorem 2, we need the following lemma first.
Lemma 3. Assume that the solution u(x, t) of (1) blows up at finite time T * and
Proof. Let
Then the function U(t) is Lipschitz continuous and 
where
Then we have v(x, t) = v(r, t) and v r (r, t) 0 for 0 r R, t 0. By Lemma 1, we obtain
Denote by λ 2 > 0 and ψ(x) the first eigenvalue and the corresponding eigenfunction of the following eigenvalue problem:
Multiplying both sides of (22) by ψ(x) and integrating over Ω 2 × (0, t), we get
From a(x) a 0 and Ω 2 ψ(x) dx = 1, it follows
Let t → T * , hence from Lemma 3, we know if
Since v r 0, so we have
On the contrary, if
vψ dx ds = ∞, then we have lim t→T * sup v(x 1 , t) = ∞. Using (21) and the arbitrariness of x 1 , we obtain the desired result. 2 Proof of Theorem 3. Let ϕ(x), μ be defined as in (5), (6) , by the similar computation as in Theorem 1, we get
From μ 1, we have
We assume by contradiction that u(x, t) blows up in finite time T * . By Theorem 2, u blows up globally. Let t → T * , from
Hence,
which is a contradiction to (24), thus u exists globally. Next, we show that if
If 0 < p < 1, by introducing some transformations m = 
where κ is defined as in the proof.
Proof. Let ϕ, μ be defined as in (5), (6) . Multiplying both sides of the first equation of (27) by ϕ(x) and integrating over Ω × (0, τ ), we obtain
By Höld inequality, we have
Denoting by g(τ ) = Ω v m dx, G(τ ) = t 0 g(s) ds, and proceeding as in Lemma 3, it follows that lim sup
Integrating from τ to τ * , it follows
From (27), we have
By simple calculation, we have Now coming back to the original variations, by calculation, we have
Setting Combing (26) with (32), we draw the results of Theorem 4.
Now we study the case of p = 1. (1) becomes
Multiplying both sides of (33) by ϕ(x) and integrating over Ω × (0, t), and denoting u = e v , we obtain 
Combining (26) with (36), we get Theorem 5.
